WORK IN PROGRESS (Feb, 27,2013)

In this document we describe in great detail the solution of an annual cycle climatology problem that starts with the equation 
f = (1 + h) (fo + e + g) + weather noise 
   =  fo + g + (fo +e)h + gh + e + weather noise   (1)
where f, h and g are functions of time, f is an observed time series (10957 daily temperatures in North Dakota 1981-2012), g and h are climatologies to be determined, and e is a constant (to be determined).  fo is the multi-annual mean of  time series f  (a known, calculated from f). The functions g and h represent the annual cycles that relate to the tropical year variations (g) and to the varying distance to the sun/anomalistic year (h) respectively.  h(t) is approximated  by  C*cos(ωr(t-εr)) and g(t) is approximated by Acos(ωX(t- εX)). t is time in days (1 - 10957), ωX and ωr are 2π/365.24219  en 2π/365.25964 respectively, and εr and εX are phase angles. In total 5 coefficients need to be calculated: A, C, εX, en εr en e. 
In practice one cannot work with amplitude and phase, instead sine and cosine coefficients are used. That means that g is written as g = a sin ωXt + b cos ωXt, and h = c sin ωrt + d cos ωrt. We thus solve for a,b,c,d,e. 
We move fo to the left hand side and from now on f means the departure from its own mean. 
The fit or reconstruction is given by fr = g + (fo +e)h + gh + e. Solutions are sought by minimizing R given by  R = ∑t { f (t) - fr(t) }2   	where the summation is over 1 - 10957. The problem is that fr is not linear in the 5 coefficients. gh means that a and b multiply c and d. And eh means that e multiplies c and d. We approach this by an iteration which consists of two steps.
Step 1: Assume h is known, then minimize R = ∑t { f (t) – [(a sin ωXt + b cos ωXt + e )(h+1)  + fo h ] }2  .
Diffentiation of R with respect to a, b, and e leads to the following  linear system with 3 unknowns

(h+1)2 sin2 ωXt       	(h+1)2 sin ωXt cos ωXt      (h+1)2 sin ωXt		a          (f - foh)(1+h) sin ωXt  
(h+1)2 sin ωXt cos ωXt  	(h+1)2 cos2 ωXt       	(h+1)2 cos ωXt		b    =    (f - foh)(1+h) cos ωXt
(h+1)2 sin ωXt 		(h+1)2 cos ωXt     	(h+1)2 			e	(f - foh)(1+h)

All terms in the 3X3 matrix and in the vector on the right hand side are to be summed over 1 to 10957. This linear system then yields an unambiguous estimate of the vector with elements a, b and e.
Step 2: Assume g and e are known, then minimize R = ∑t { f (t) – [ g + (fo+e+g) (c sin ωrt + d cos ωrt) + e] }2  
Diffentiation of R with respect to c and d leads to the following 2X2 linear system. 
(fo+e+g)2 sin2 ωrt 		(fo+e+g)2 sin ωrt cos ωrt		c	(f-g-e)(fo+e+g) sin ωrt
								        =
(fo+e+g)2 sin ωrt cos ωrt 		(fo+e+g)2 cos2 ωrt 		d	(f-g-e)(fo+e+g) cos ωrt

All terms in the 2X2 matrix and the right hand side are to be summed over 1-10957. This linear system then yields an unambiguous estimate of c and d.
The second step finished means we went thru one iteration.
We can now go back to step 1, find a new g and e, then step 2 again, find new h, and keep going until convergence, i.e. the coefficients a,b,c,d,e are no longer changing. We start the very first iteration with h=0 (which implies e=0). 
[bookmark: _GoBack]There is no guaranteed convergence. There may be more than one solution. Depending on which data set we have as input we may run into one or more of these problems. For North Dakota we appear to have a reasonable solution. 



